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A SHARP QUANTITATIVE VERSION OF ALEXANDROV’S THEOREM 
VIA THE METHOD OF MOVING PLANES 

GIULIO CIRAOLO, LUIGI VEZZONI 


Abstract. We prove the following quantitative version of the celebrated Soap Bubble Theorem 
of Alexandrov. Let 5 be a closed embedded hypersurface of n > 1, and denote by 

osc(iL) the oscillation of its mean curvature. We prove that there exists a positive e, depending 
on n and upper bounds on the area and the C^-reguIarity of S, such that if osc{H) < e then 
there exist two concentric balls Br- and B^^ such that S C B^^ \ B^^ and Vf. — Vi < C'osc(iL), 
with C depending only on n and upper bounds on the surface area of S and the regularity 
of S. Our approach is based on a quantitative study of the method of moving planes and the 
quantitative estimate on re — r^ we obtain is optimal. 

As a consequence of this theorem, we also prove that if osc(iL) is small then S is diffeomorphic 
to a sphere and give a quantitative bound which implies that S is C^-close to a sphere. 
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1. Introduction 

The Soap Bubble Theorem proved by Alexandrov in [3] has been the object of many investi¬ 
gations. In its simplest form it states that 

The n-dimensional sphere is the only compact connected embedded hypersurface ofW^~^^ 

with constant mean curvature. 

As it is well-known, the embeddedness condition is necessary, as implied by the celebrated 
counterexamples by Hsiang-Teng-Yu |28j and Wente [H]. There have been several extensions 
of the rigidity result of Alexandrov to more general settings. Alexandrov proved this Theorem 
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in a more general setting; in particular, the Euclidean space can be replaced by any space of 
constant curvature (see also [3] where he discussed several possible generalizations). Montiel and 
Ros m and Korevaar |30j studied the case of hypersurfaces with constant higher order mean 
curvatures embedded in space forms. Alexandrov Theorem has been studied also for warped 
product manifolds by Montiel [39] , Brendle m and Brendle and Eichmair HU. There are many 
other related results; the interested reader can refer to [HKinKiaisaiMiiisissiiaiiei and 
references therein. 

To prove the Soap Bubble Theorem, Alexandrov introduced the method of moving planes, a 
very powerful technique which has been the source of many insights in analysis and differential 
geometry. Serrin understood that the method can be applied to Partial Differential Equations. 
Indeed, in his seminal paper |45j he obtained a symmetry result for the torsion problem which 
gave rise to a huge amount of results for overdetermined problems (the interest reader can 
refer to the references in [E])- In jSS] Gidas, Ni and Nirenberg refined Serrin’s argument 
to obtain several symmetry results for positive solutions of second order elliptic equations in 
bounded and unbounded domains (see also |36| and m)- The method was further employed by 
Caffarelli, Gidas and Spruck m to prove asymptotic radial symmetry of positive solutions for 
the conformal scalar curvature equation and others semilinear elliptic equations (see also |34j ). 
The moving planes were also used to obtain several celebrated results in differential geometry: 
Schoen m characterized the catenoid, Meeks [38] and Korevaar, Kusner and Solomon |33| 
showed that a complete connected properly embedded constant mean curvature surface in the 
Euclidean space with two annuli ends is rotationally symmetric. There is a large amount of 
other interesting papers on these topics which are not mentioned here. 

Alexandrov’s proof in the Euclidean space works as follows: (i) show that for any direction 
uj there exists a critical hyperplane orthogonal to a; which is of symmetry for the surface S; (ii) 
since the center of mass O of S' lies on each hyperplane of symmetry, then every hyperplane 
passing through O is of reflection symmetry for S; (iii) since any rotation about O can be written 
as a composition of n + 1 reflections, then S is rotationally invariant, which implies that S is 
the n-dimensional sphere. The crucial step in this proof is (i), which is obtained by applying 


the method of moving planes and using maximum principle (see Theorem A in Subsection 2.2). 


In this paper we study a quantitative version of the Soap Bubble Theorem, that is we assume 
that the oscillation of the mean curvature osc{H) is small and we prove that S is close to a 
sphere. More precisely, let S be an n-dimensional, C^-regular, connected, closed hypersurface 
embedded in and denote by |5| the area of S. Since S is regular, then it satishes a 

uniform touching sphere condition of (optimal) radius p. We orientate S according to the inner 
normal. Given p £ S, we denote by H(p) the mean curvature of S at p, and we let 

osc{H) = max H(p) — min H{p). 
p£S p£S 

Our main result is the following theorem. 

Theorem 1.1. Let S be an n-dimensional, C'^-regular, connected, closed hypersurface embedded 
in . There exist constants s, C > 0 such that if 

(1) osc{H) < e, 
then there are two concentric balls Br^ and such that 

( 2 ) SCBrABr,, 

and 

(3) re — Vi < C osc{H). 
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The constants e and C depend only on n and upper bounds on p ^ and [S'! 


Under the assumption that S bounds a convex domain, there exist some results in the spirit 
of Theorem o which are available in literature. In particular, when the domain is an ovaloid, 
the problem was studied by Koutroufiotis |32] , Lang |35] and Moore [ID] . Other stability results 
can be found in Schneider m and Arnold |7]- These results were improved by Kohlmann in 
ini where he proved an explicit Holder type stability in Q . In Theorem |1.I[ we do not consider 
any convexity assumption and we obtain the optimal rate of stability in ([^, as can be proven 
by a simple calculation for ellipsoids. 

Theorem 1.1 has a quite interesting consequence which we explain in the following. It is 
well-known (see for instance m) that if every principal curvature Ki of S is pinched between 
two positive numbers, i.e. 


^ ^ ^ ji’ 


z = 1,... ,n. 


then S is close to a sphere of radius r. Following Gromov m Remark (c), p.67-68], one can 
ask what happens when only the mean curvature is pinched. We have the following result. 


Corollary 1.2. Let poj > 0 and n G N be fixed. There exists a positive constant e, depending 
on n, po and Aq, such that if S is a connected closed hypersurface embedded in ]^n+l 
1*51 < ^ 0 ) Po, whose mean curvature H satisfies 

osc{H) < e , 

then S is diffeomorphic to a sphere. 

Moreover S is C^-close to a sphere, i.e. there exists a C^-map F = Id + '^v : dBr^ —)• S such 
that 

(4) ||d/||ci(aB.,)<C'(osc(H))i, 

where C depends only on n and upper bounds on p~^ and |5|. 


Before explaining the argument o f th e proof of Theorem Q we give a couple of remarks on 


the bounds on p and l^l in Theorem 1.1 and its Corollary 1.2 The upper bound on p ^ controls 


the regularity of the hypersurface, which is a crucial condition for obtaining an estimate like 
Q. Indeed, if we assume that p is not bounded from below, it is possible to construct a family 
of closed surfaces embedded in not diffeomorphic to a sphere, with osc{H) arbitrarly small 
and such that © fails (see Remark |5.2| and m ). The upper bound on IS"! is a control on the 
constants £ and C, which clearly change under dilatations. 

We remark that Corollary |1.2| can be obtained by a compactness argument by using the theory 
of varifolds by Allard |5] and Almgren |^. Indeed, by Allard’s compactness theorem every 
sequence of closed hypersurfaces satisfying (uniformly) the assumptions of Corollary 1.2 admits 
a subsequence which, up to translations, converges to a hypersurface which satisfies a touching 
ball condition and hence is regular. By standard regularity theory, the hypersurface is 
smooth and is a sphere by the classical Alexandrov theorem. We think that also the stability 
estimates in Theorem 1.1 can be obtained by using Allard’s regularity theorem. 

There are other possible strategies to obtain quantitative estimates for almost constant mean 
curvature hypersurfaces and give results as in the spirit of Theorem Indeed, as we already 
mentioned, there are several proofs of the rigidity result of Alexandrov (i.e. when H is constant). 
Beside the method of moving planes (which will be our approach), one could try to quantitavely 
study the proofs in m, m and mi, which are based on integral identities. For instance, 
the approach in m starts form |44] and finds quantitative estimates on the closedness of the 
hypersurface to a compound of tangent balls. As explained in [T71 Appendix A], another possible 
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approach would be to start from the proof in HU and then study almost umbilical hypersurfaces, 
in the same spirit as [22] and |23j . However, these approaches based on integral identities do 
not seem to lead to optimal estimates as in our Theorem o (see m for a detailed discussion). 

Our approach, instead, is based on a quantitative analysis of the method of moving planes and 
uses arguments from elliptic PDEs theory. Since the proof of symmetry is based on maximum 
principle, our proof of the stability result will make use of Harnack’s and Carleson’s (or bound¬ 
ary Harnack’s) inequalities and the Hopf Lemma, which can be considered as the quantitative 
counterpart of the strong and boundary maximum principles. We emphasize that the stability 
estimate Q is optimal and that our proof permits to compute the constants explicitly. 

A quantitative study of the method of moving planes was first performed in (U, where the 
authors obtained a stability result for Serrin’s overdetermined problem [35]) and it has been used 
in a series of paper by the first author Hsiiiniiiu for studying the stability of radial symmetry 
for Serrin’s and other overdetermined problems (see also |9| for an approach based on integral 
identities). In this paper, we follow the same approach of (U, but the setting here is complicated 
by the fact that we have to deal with manifolds. As we will show, the main goal is to prove an 
approximate symmetry result for one (arbitrary) direction. After that, the approximate radial 
symmetry is well-established and follows by an argument in (U. To prove the approximate 
symmetry in one direction, we apply the method of moving planes and show that the union of 
the maximal cap and of its reflection provides a set that fits well S. This is the main point of 
our paper and is achieved by developing the following argument. Assume that the surface and 
the reflected cap are tangent at some point po which is an interior point of the reflected cap, 
and write the two surfaces as graphs of function in a neighborhood of po- The difference w of 
these two functions satisfies an elliptic equation Lw = /, where ||/||oo is bounded by osc{H). 
By applying Harnack’s inequality and interior regularity estimates, we have a bound on the 
norm of w, which says that the two graphs are close in norm no more than some constant 
times osc(iL). It is important to observe that this estimate implies that the two surfaces are 
close to each other and also that the two corresponding Gauss maps are close (in some sense) in 
that neighborhood of pq. Then we connect any point p of the reflected cap to po and we show 
that such closeness propagates at p. Since we are dealing with a manifold, we have to change 
local parameterization while we are moving from pQ to p and we have to prove that the closeness 
information is preserved. By using careful estimates and making use of interior and boundary 
Harnack’s inequalities, we show that this is possible if we assume that osc{H) is smaller than 
some fixed constant. 

The paper is organized as follows. In Section we prove some preliminary results about 
hypersurfaces in we recall some results on classical solutions to mean curvature type 

equations, and we give a sketch of the proof of the symmetry result of Alexandrov. In Section 
we prove some technical lemmas which will be used for proving the stability result. In Sections 
l^andj^we prove Theorem 1.1 and Corollary |1.2[ respectively. 
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2. Notation and preliminary results 


In this section we collect some preliminary results which will be useful in the following. 
Although some of them are already known, we sketch their proofs for sake of completeness and 
in order to explain the notation which it will be adopted in the sequel. 

Let S' be a regular, connected, closed hypersurface embedded in n > 1, and let 

Q be the relatively compact domain of bounded by S. We denote by TpS the tangent 

hyperplane to 5 at p and by Up the inward normal vector. Given a point ^ G and an r > 0, 
we denote by Br{C) the ball in of radius r centered at Q When a ball is centered at the 

origin O, we simply write instead of Br{0). 

Let dist 5 : —)• M be the distance function from 5, i.e. 


dist5(0 


dist(^. S'), if ^ G O, 
-dist(C,5), if e G \ 11; 


it is clear that 5 = {^ G : dist 5 (^) = 0}. Moreover, it is well-known (see e.g. [25]) that 

dist^ is Lipschitz continuous with Lipschitz constant 1 and that it is of class in an open 
neighborhood of S. Therefore the implicit function theorem implies that, given a point p G S', 
S can be locally represented as a graph over the tangent hyperplane TpS: there exist an open 
neighbourhood Ur{p) of p in S' and a C^-map u: Br C\ TpS —)■ M such that 


(5) 


Ur{p) = {p + X + u{x)Vp : X G Rr n TPS'}. 


Moreover, if q 
( 6 ) 


p + X + u{x)iyp, with x G Rr(p) H TpS, we have 

Up — Vtt(x) 

“ Vl + |Vu(x)|^’ 


where 

N 

Vu(x) = 'Y^deiU{x) ei , 

i=l 

and {ei,... ,en} is an arbitrary orthonormal basis of TpS. We notice that, according with the 
definition above, Vu(x) is a vector in for every x in the domain of u. Moreover Uq- Up > 0 

for every q G BrCi TpS and, if |Vm| is uniformly bounded in Br n TpS, then u can be extended 
to Br' n TpS with r' > r. 

Since S is G^-regular, then the domain H satishes a uniform touching ball condition and we 
denote by p the optimal radius, that is: for any p G S there exist two balls of radius p centered 
at c“ G n and c+ G \ Q such that Bp{c~) C 11, Bp{c'^) C \ H, and p G dBp{c^). 

Bp{c~) and Bp{c'^) are called, respectively, the interior and exterior touching balls at p. 

In the following Lemma we show that we may assume r = p in the dehnition of and we 
give some bounds in terms of p which will be useful in the sequel. 
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Lemma 2.1. Let p £ S. There exists a map u : BpCi TpS —?■ M such that 

^pip) = {p + X + u{x)i'p : X £ BpH TpS} 


is a relative open set of S and 


(7) 

( 8 ) 


|ii(a;)| < p - Vp'^ - kP > 

|x| 


|Vu(x)| < 




12 ’ 


for every x £ BpCi TpS. Moreover 

(9) t'p • > -yJ— |xP, and |u„ — Vpl < \f2 -—, 

^ ^ p ^ ^ p 

for every q = p + x u{x)vp in Up{p). 


Proof. By the implicit function theorem, there exists r > 0, u : H TpS -£■ M and L(r{p) as in 

We may assume that r < p. The bound 0 in Bj. n TpS easily follows from the definition of 
interior and exterior touching balls at p. We prove that estimate Q in H TpS, which allows 
us to enlarge the domain of u up to Bp n TpS. Let 

q = p + x + u{x)vp, 

with I a: I < r be an arbitrary point of hlr{p) (notice that Up • Ug > 0). Since 

Bpip + pvp) n Bp{q - pvq) = 0 , 


we have that 

\p + pvp-q + ph'q\ > 2p. 

Analogously, Bp{p — pUp) n Bp{q + pvq) = 0 gives that 

\q + piPq - p + pup\ > 2p. 

By adding the squares of the last two inequalities we obtain that 

\p- q\‘^ + 2p^{up- Uq) >2p^ 

and from 0 we get 0 . From 0 and Q we obtain Q in H TpS. Since |Vtt| is bounded in 
Br n TpS, then we can extend tt in a larger ball where Q is still satisfied. It is clear that we 
can choose r = p and hold. □ 

Given p,q £ S we denote by ds{p, q) their intrinsic distance inside S and, if A is an arbitrary 
subset of S, we define 

ds{p,A) = inf ds{p,q). 
q&A 

We have the following Lemma. 


Lemma 2.2. Letp £ S, q £ Up{p) and let x be the orthogonal projection of q onto the hyperplane 
TpS. Then, 

X 

(10) \x\ < ds{p,q) < parcsin ^—. 

P 

Proof. The first inequality is trivial. In order to prove the second inequality we consider the 
curve 7 : [0,1] —)• S' joining p with q defined by 7 (t) = p + tx + u{tx) Vp, t £ [0,1]. Then 

7 (t) = X + {Vuftx) ■ x) Vp-, 

since x £ TpS and by Cauchy-Schwartz inequality we obtain that 

|7(t)| < |x|a/i + |Vu(tx)|2 . 
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Therefore inequality (l8|) in Lemma 2.1 implies 


|7(0I < 


p\x\ 


Since 


then 


\/ 

ds{p,q)< [ \'i{t)\dt, 
Jo 

/■i 1 

ds{p,q) < \x\p 


lo \/p^ - 


dt 


which gives (10). 


□ 


Let p € S and let u: Bp Ci TpS —)• S' as in Lemma 2.1, It is well-known (see [IH]) that u is a 
classical solution to 


( 11 ) 


div 


Vu 




= nH, in Bp n TpS, 


where H is the mean curvature of S regarded as a map on Bp n TpS. We notice that Vn G TpS 
and the divergence is meant in local coordinates on TpS: if {ei,..., e^} is an orthonormal basis 
of TpS and F = XOILi then 

divT = f^^^^ 


2=1 


dei 


Moreover, © is uniformly elliptic once u is regarded as a regular map in an open set of 
and has bounded gradient, since 


lel'< J- 


0 


for every ^ = (^^... ^ = ((^i, in M''. 


6C,<(i + ICP)ieP 


2.1. Classical solutions to mean curvature equation. In this subsection we collect some 
results about classical solutions to © which will be used in the next sections. 

Let Br be the ball of centered at the origin and having radius r. Given a differentiable 
map u ; Tr —)> M, we denote by Du the gradient of u in 


Du = 


f du du\ 

V9xi ’ ■ ■ ■ ’ dxk J 


We remark that this notation differs from the one in the rest of the paper, where we use the V 
symbol to denote a vector in 

Let Hq, Hi £ C^{Br) and uq and ui be two classical solutions of 


(13) 


div 


( Duj \ 

y^/l+JDuj\^ j 


j = 0,1. It is well-known that (see [26]) 


= kHj, 


in Br , 


w = Ui — Uq 

satisfies a linear elliptic equation of the form 

(14) Lw = k{Hi-Ho), 
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where 

(15) 

with 

and 


d 




, dxj 
1,1=1 ■' 


dw 


a^i{x) = / J- 


Ci 


^0 V v^TT^ 


dt, 


C,=Dut{x) 


From (12), we find that 
(16) 


Ut{x) = ttti(x) + (1 — t)uo{x), X G Br- 


kP < a''\x)^i^j < ICp / (1 + \Dut{x)\^)dt, 

Jo 


where we used Einstein summation convention. The following Harnack’s type inequality will be 
one of the crucial tools for proving the stability result. 


Lemma 2.3. Let Uj, j = 0,1, be two classical solutions of (13), with ui — uq > 0 in Br, and 
assume that 


(17) 


WDujWcHBr) < j = 0,l, 


for some positive constant M. Then there exists a constant Ki, depending only on the dimension 
k and M, such that 


(18) 


- 'Wo||ci(b./ 4 ) ^ Ki{mf {ui - Uo) + \\Hi - Ho\\cO(Br))- 


r/2 


Proof. We have already observed that w = ui — uq satisfies (14) in Br. From (16) and , we 
find that Lw is uniformly elliptic with continuous bounded coefficients, that is 


<|C| 2(1 + m 2 ), 


and 




< M', 


for some positive M' depending only on M. 

From Theorems 8.17 and 8.18 in [26], we obtain the following Harnack’s inequality 


sup w < Ci( inf w + ||iFi - Ho||cO(b,.)). 


Br /2 ^’'/2 


Then we use Theorem 8.32 in |26| and obtain that 

< C 2 (lkllcO(B,/2) + 11^1 - ^o||cO(B,/2)) > 


w 


where | • |c1 ’“(R,,/4) is the seminorm in 5^/4, with a G (0,1). By combining the last two 
inequalities, we obtain (18) at once. □ 

Another crucial tool for our result is the following boundary Harnack’s type inequality (or 
Carleson estimate, see Cl)- 
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Lemma 2.4. Let E be a domain in and let T be an open set of dE which is of class . 
Let Uj G C‘^{E), j = 0,1, be two solutions of 


(19) 


div 


Dui 


= klLj, in E, 


with j = 0, 1, satisfying WDujWci^^^-^ < M for some positive M. Let xq £ T and r > 0 be such 
that Br{xo) n dE C T, and assume that 

ui — uq > 0 in Br{xo) (1 E, ui — uq = 0 on Br Cl dE. 

Assume further that ei is the interior normal to E at xq. Then, there exists a constant K 2 > 0 
such that 

( 20 ) sup {ui-uo)<K 2 ({ui-uo)(xo + ^ei)+\\Hi-Ho\\co(Br))^ 

B^/4(xo)nE V \ 2 / / 

where the constant K 2 depends only on the dimension k, M and the regularity ofT. 


Proof. The proof is analogous to the one of Lemma 2.3 where we use Theorem 1.3 in [ 8 j and 

□ 


Corollary 8.36 in |26] in place of Theorems 8.17, 8.18 and 8.32 in 

We conclude this subsection with a quantitative version of the Hopf Lemma. We start with 
a statement which is valid for a general second order elliptic operator of the form 

k k 

( 21 ) Cw = ^ V‘Wxi, 

ij=l i=l 

satisfying the ellipticity conditions 

( 22 ) a%0>A|CP, and | 6 '| < A, i,j = l,...,k, 

for A, A > 0. 

Lemma 2.5. Let r > 0 and 7 > 0 6e given. Assume that w G C‘^{Br) H C^{Br) fulfills the 
following conditions 

Cw < 7 and w >0 in B^, 

with L given by (21). 

Then, there exists a positive constant C depending on k, A, A, and upper bound on 7 such that 

+ 7 I , for any 0 < t < rI2. 


for any xq G dBr we have that 



(23) snp w < C ( 

n;((l - t/r)xo) 

+ 7 ) , 

t 

W/2 V 


Moreover, if w{xo) = 0 then we 

have that 


(24) 

snp w < C { 

' dw{xo) 


B. 


+ 7 , 


r/2 


where v denotes the inward normal to dBj.. 

Proof. In the annulus A = Br\ By.^ 2 : consider the auxiliary function 


v{x) = ( minrc) 
^ W /2 ^ 


_ g-aP 

g— o(r/2)2 _ g— 


+ g/3kl" _ 


where 


^ ^ ^ A:A — VkAr + {kX — VkAr)^ + yAr^ 
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Here, the constants a and /? are chosen in such a way that v satisfies 

Cv > 7 . 

We notice that 


(25) 


v{{l - t/r)xo) 


t 


> 


are 


g-Q;(r/2)2 _ g-c 


( minrc) — 2/3re^^ . 
^ Br /2 ’ 


Since u = 0 on dBj. and v < mings^^^ we have that the function w — v satisfies the 

following conditions 

f C{w — u) < 0, in A, 

I to — u > 0, on dA. 

Hence, by maximum principle we have that to — u > 0 in H, and from ( |25[ ) we obtain that 

_- _ 1 I '_ t/r)xo) 


min in < 


B 


r/2 


ar 


+ 2/3re^"'^ , 


for 0 < t < r/2. As in the proof of Lemma |2.3[ we use Theorems 8.17 and 8.18 in [26] to get 

max w < Cl (min in + 7 ), 


372 


B 


r/2 


and from (26) we obtain (23) and (24). 


□ 


We will use Lemma 2.5 in the following form. 


Lemma 2.6. Let E, T, uq, ui, M, and xq he as in Lemma 2.4, with 

ui — uq > 0 in E. 

Assume that there exists Br{c) C E with xq € dBr{c) H T. Let 

„ C- Xq 


Then, there exists a constant such that 

II II / f {ui - uo){xo + ti) 

(27) \\ui - no||ci(s^^^(c)) < K 3 I- - - - 

for every t G (0, r/2), and 

(28) ||ui - uo||ci(S 74 (c)) < K 3 , 


( d{ui - uo) 


+ ll-Hi - 77o||co(Sr(c))^ ) 


(Xo) + ||L7i — Ho\\(jO(^Br{c)'^ ; 


V di 

for t = 0. The constant depends only on the dimension k, on M, and p, and upper bound 
on ||iLi - i7o||co(Rr(c))- 


Proof. As we have shown in the proof of Lemma 2.3 w = ui — uq satishes (14), which is 
uniformly elliptic. Moreover, we notice that, by letting 

7 = 11^1 - ^o||cO(Rr(c))> 

we have that 

Lw < 7 . 


Hence, we can apply Lemma 2.5 and, by using Lemma 2.3, we conclude. 


□ 
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2.2. The symmetry result of Alexandrov. In order to make the paper self-contained, we 
give a sketch of the proof of the Soap Bubble Theorem by Alexandrov. This will be the occasion 
to set up some necessary notation. 

Let 5 be a regular, connected, closed hypersurface embedded in n > 1, and let Q 

be the relatively compact domain of bounded by S. Let u G be a unit vector and 

A G M be a parameter. For an arbitrary set A, we dehne the following objects: 


VIA = {^ G e . cj = A} 
= {p G A : p ■ ui > X} 
(29) = ^-2(^-0;-A)u; 

Ax = {pG : p^ G A^} 

Ax = {p G A : p ■ oj < X} 


a hyperplane orthogonal to cu, 

the right-hand cap of A, 

the reflection of ^ about tta, 

the reflected cap about tta, 

the portion of A in the left-hand half plane 


Set Ai = max{p ■ u : p G S}, the extent of S in the direction w; if A < Af is close to A4, the 
reflected cap 12 a is contained in 12. Set 


(30) m = inf{^ : 12 a C 12 for all A G 

Then for A = m at least one of the following two cases occurs: 

(i) Sm becomes internally tangent to S at some point p G S \ TTm', 

(ii) TTm is orthogonal to S at some point p G S (1 -Km ■ 

Theorem A (Alexandrov Soup Bubble Theorem). Let S be a -regular, closed, connected 
hypersurface embedded If the mean curvature H of S is constant, then S is a sphere. 


Proof. Let w be a fixed direction. We apply the method of moving planes in the direction u 
and we hnd a critical position for X = m. 

If Case (i) occurs, then we locally write Sm and S as graphs of function ui and uq, respectively, 
over Br n TpS (which coincides with TpSm), where p is the tangency point. It is clear that 
w = ui — Uq is non-negative and, since H is constant, we have that w satisfies 


Lw = 0, 


m 


Br n TpS, 


for some r > 0, and where L is given by (15). Since t(;(0) = 0, by the strong maximum principle 
we obtain that tc = 0 in H TpS, that is S and Sm coincides in an open neighborhood of p. 

If Case (ii) occurs, then we locally write Sm and S as graphs of function ui and uq, respectively, 
over TpS n {x • w < m}. As for case (i), we find that there exists r > 0 such that 


j Lw = 0, in Br n TpS G\{x ■ uj < m}, 

= 0, on Br nTpS n {x ■ oj = m}. 

Since Vt(;(0) = 0 and from the Hopf Lemma (see for instance [2S]) we obtain that tc = 0 in 
Br n TpS D {x ■ ui < m}. 

Hence, in both cases (i) and (ii) we have that the set of tangency points (that is those points 
for which case (i) or (ii) occur) is open. Since it is also closed and non-empty we must have that 
Sm = Sm, that is S is symmetric about the hyperplane TTm- Since w is arbitrary, we find that S 
is symmetric in every direction. 

Up to a translation, we can assume that the origin O is the center of mass of S. Since 
O belongs to every axis of symmetry and every rotation can be written as a composition of 
reflections, we have that S is invariant under rotations, which implies that S' is a sphere. □ 
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2.3. Curvatures of projected surfaces. Before giving the results of this subsection, we need 
to recall some basic facts about hypersurfaces in in particular about the interplay between 

the normal and the principal curvatures. Let U be an orientable hypersurface of class 
embedded in (which in the proof of Theorem will be an open set of the surface S). 

The choice of an orientation on U is equivalent to the choice of a Gauss map v: U ^ (in 

this general context there is no a canonical orientation). Fixed a point q € U, we denote by 
Wq : TqU TqU the shape operator Wq = —duq. Wq is a symmetric operator and its eigenvalues 
Ki{q) are the principal curvatures of U at q. We assume that Ki(g) < K 2 {q) < • • • < Hn{Q)- The 
first and the last principal curvature can be obtained as minimum and maximum of the normal 
curvature. Here we recall that, given a non-zero vector v G TqU, its normal curvature K{q, v) is 
defined as 

K{q,v) = r^Wq{v) - V. 

\v\^ 

K{q^v) can be alternatively written in term of curves as 

<Tv) = """(O) • «(0) 


where a: / —)• is an arbitrary curve satisfying a(0) = 0, Q!(0) = v. 

In order to perform a quantitive study of the moving planes, we need to handle the following 
situation: given a hypersurface U of class in we consider its intersection U' with 

an affine hyperplane vri (in the proof of Theorem 4.1 tti will be the critical hyperplane in the 
direction w). If tti intersects U transversally, t/' = 17 n tti is a hypersurface of class of vri and 
we consider its projection U” onto another hyperplane 7r2 of (which will be the tangent 

hyperplane to the reflected cap at some point which is close to the critical hyperplane). An 
example in is shown in Figure The next two propositions allow us to control the principal 
curvature of U" in terms of the principal curvature of U and the normal vectors to toi and UJ 2 - 



Figure 1. In the figure U is the parabololid z = x‘^ + y‘^, vri is the affine plane 
z = 2 + 8y and 7r2 is the plane z = 0. In this case U' is the dashed ellipse in vri, 
while U" is the circle projected in vr 2 . 


Proposition 2.7. Let U be an orientable hypersurface of class embedded in with 

principal curvatures Kj, j = I,...,re, and Gauss map u. Let vr be an hyperplane of 
intersecting U transversally and let U' = U D tt. Then U' is an orientable hypersurface of class 
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embedded in ir and, once a Gauss map u' ■. U' ^ ^ is fixed, its principal curvatures k' 

satisfy 


(31) 




Vq ■ Uq 


for every q ^ U' and i = I,... ,n — 1. 


Proof. First of all we observe that U' is of class by the implicit function theorem and it is 
orientable since the map u': U' ^ defined by 


(32) 


n' = — * {*{nq Aui) A Lj), 


is a Gauss map on U ' , where by * we denote the Hodge “star”operator in computed with 
respect to the standard metric and the standard orientation. 

In order to prove (31); fix q £ U ' and consider an arbitrary unitary vector v G TqU ' . Let 
K{q, v) be normal curvature of {q, v) in U . Then 

K{q,v) = Vq ■ q:(0) 

where a is an arbitrary smooth curve in U ' parametrized by arc length and such that 0(0) = q 
and q;(0) = u. Since Vq is orthogonal to TqU ' , it belongs to the plane generated by cj and and 
we can write 

Vq = (v' • w) W + {Vq ■ v') Z/' . 

Therefore 

K{q, v) = (Vq ■ a(0)) = (Vq ■ v'g)(v^ ■ a(0)) = {Vq ■ v'g)K'{q, v), 
where K'{q,v) is the normal curvature of U ' in {q,v), and the claim follows. □ 


Note that in Proposition 2.7, if we chose as Gauss map the one defined as in (32) we have 

{Vq ■ v'q) = — * {*{Vq A u) A (jj) ■ Vq = — * {Vq A oj) A UJ ■ *Vq . 

Now we choose the positive oriented orthonormal basis of {ei,..., e^, Vg} where the first 
n-vectors are an othonormal basis of TqU. Then we have 

*{vq Auj) = -{u! ■ en)ei A - ■■ A e„_i , *Vq = ei A ■ ■ ■ A Cn, 


and 


Vq - v' = {uj ■ en)(ei A • • • A Cn-i A w) • (ei A • • • A e„) = (a; • e„)^ = 1 - {vq ■ w)^ , 


i.e. 


(33) 


Vn ■ V. 


' = l-{Vq- Ujf 


1 


Therefore, when v'g is given by (32), (31) reads as 
(34) 

for i = 1 ,..., n — 1. 


I - {vq- a ;)2 


ni{q) < n'iiq) < 


1 - {Vq- ujfi 


Kniq) ■ 


Proposition 2.8. Let ui and UJ 2 be unit vectors in denote by tti an hyperplane orthogonal 

to ui, and let tt 2 be the hyperplane orthogonal to ijJ 2 passing through the origin of . Let 
U' be a C'^ regular oriented hypersurface of tti such that UJ 2 is not tangent to U' at any point. 
Denote by for i = 1,... ,n — 1, the principal curvatures of U' and denote by v' the normal 
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vector to U'. Then the orthogonal projection U” of U' onto tt 2 is a -regular hypersurface of 
712 with a canonical orientation. Moreover, for any q € U' we have 

Icji • t<;2| 


(35) 


\Ki (pr(g))| < 


[(CJI • W2)^ + (W 2 • v'g) 


21 i 


max{|4(g)|,|Kn-i(9)|}, 


for every i = 1 ,... ,n — 1 , where pr(g) is the projection of q onto 712 and {n”} are the prineipal 
curvature of U”. 

Proof. If X is a local positive oriented parametrisation of U', then Y = X — (X ■ 002)^2 is a 
local parametrisation of U", and 

y" oY ■.= vers(*(yi A 1^2 A • • • A Yn-i A W2)) 

defines a Gauss map for U", where 14 is the derivative of Y with respect to the coordinates 
of its domain. Therefore U" is a C^-regular hypersurface of 712 oriented by the map u". 

Now we prove inequalities (35). Fix a point q ^ U' and let pr(g) = q — {q ■ 0 ) 2)012 be its 
projection onto U". Let X be a local positive oriented parametrization of U' around q and 
Y = X — {X ■ 002)0:2 be the induced parametrization of U" around pr(g). Let / 3 : (—(j, ( 5 ) —)• U" 
be an arbitrary regular curve contained in U" such that /3(0) = pr((7) and let 


V = 


m 

l/3(0)| 


9 = • /3 • 


Then 


5(0) = K"(pr(g),7;), 

where k”{]: r{q),v) is the normal curvature of U" at {q,v). The curve /? can be seen as the 
projection of a regular curve a in U' passing through p. Since is orthogonal to 0J2 we have 

1 


9 = 


n 

— lOa ■ OL . 
12 P 


Note that, since 
then we have 
and 


Yk = — (Xfc • a;2)a;2 , 


u" oY = vers(*(Xi A X2 A • • • A Xn-i A 0J2)) 


9 = 


(*(Xi(ci) A • • • A Xn-i(d) A 0:2) ■ a 


mXl{a)^■■■ ^Xn-l{a)^ 0J2 )\ 

Now, it is simply to prove that 

(*(Xi(q;) a • • • a X„_i(q;) A 002) ■ a = (wi • 0:2) * (Xi(q;) A • • • A Xn-i(a) A wi) • a .. 
and therefore 


9 = 


oji ■ 0)2 (*(Xi(d) A • • • A X„_i(q;) A Wi)) • a 


l/3|^ 


|Xi(d) A • • • A X„_i(ci) A ti;2)| 


which implies 


, ...0)1-0:2 |Xi(ci) A • • • A X„_i(d) A wil 

9 = {^a- «)- 


i ^|2 |Xi(ci) A • • • A X„_i(d) A a;2| 
We may assume that a is parametrised by arc length and so 

|/3p = 1 - (d •072)^ , 
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9=[l'a- a) 


which implies 

UJi-u :2 |Xi(q;) A • • • A X„_i(q;) A Wll 
1 - (d • a; 2 )^ \Xi{a) A • • • A Xn-i{a) A 1V2I ' 
Moreover a standard computation yields that 

\Xi{a) /\ ■ ■ ■/\ Xn-i{a) /\ 0 Ji\ 1 


and hence 


\Xi{a) A • • • A Xn-i{a) A W2I (1 - \uj 2 - (^2 • ’ 

5(0) ^ {Q: I Z JT / I 2 M /2 1 z' ■ V2 ’ 

(1 - |a;2 - (w2 • v')v' 1 - (a(0) • ^ 2 )^ 

where K'(( 7 ,d( 0 )) is the normal curvature of U' at (g, d(0)). Therefore 
fi;"(pr(g),u) = K'(g,d( 0 )) 

In particular 

(36) K'liwiq)) = K[{q) 

and 


(1 - |a;2 - (W2 • 1 - (a(0) • ^^ 2 )^ 

1 


Wl • UJ2 


inf 


(1 - \UJ 2 - (a ;2 • | 2 )l /2 ^ggn -1 1 - (v 0 ) 2 ^ 


(37) 


K"_i(pr(g)) = <_i(p) 


wi • u;2 


1 


(1 - |W 2 - (W 2 • Kynl'^y^'^ 1 - (l' • W 2)2 ’ 


qj^'q 


where S” ^ = {u G TqU' : lul = 1}. Now if u G S” we have 


, A. /1 2 


Therefore 


K(pr(g))| < 


1 - (u • OJ2) < 1 - |W2 - (<V2 • Vg)Vq 

|<Vl • UJ2\ 


max{| 4 (g)|,|<_i(g)|}, 


(1 - \UJ2 - {UJ2 ■ 

for every i = 1,..., n — 1. Finally, since = TqU' © {ui) © (u^), we have 


1 - |W2 - {uJ2 ■ v'yy = {UJI ■ UJ2Y + (w2 • u') 


,A 2 


'qj-'q 


and the claim follows. 


□ 


3. Technical Lemmas 


Let S' be a connected closed regular hypersurface embedded in and let p be the 

radius of the uniform touching sphere. 

Let Sm and vrm be as in (29) and let dSm = Sn Tim- It will be useful to define the following 
set 

(38) 

for (5 > 0 . 


S^ = {p G Sm : ds{p,dSm) > (5}, 


Lemma 3.1. Let 0 < 6 < p and set a = psm{5/p). Then the following facts hold: 

(i) For any p G S^ we have Ua{p) C Sm- 

(ii) For any q G Sm \ Sm there exists p G dSm and x € Bs Fi TpS such that 

q = p + X + u{x)vp. 

Here u and lA are as in ([^ . 

Proof. 
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(i) Let X G Bfj n TpS and let q = p + x + u{x)up. Since 

ds{q,dSm) > ds{p,dSm) -ds{p,q), 


(10) implies 


ds{q, dSm) > d — parcsin 


The assumption \x\ < a implies the thesis. 

(ii) Let p G dSm be such that ds{q,dSm) = ds{p,q), and let x be the orthogonal projection 


of q onto TpS. Since |x| < ds{p, q) < d and d < p, then |x| < p and Lemma 
the statement. 


2.1 


implies 


□ 


In the next lemma we show that any two points in can be joined by a piecewise geodesic 
curve and we give a bound on its length. An analogous lemma was proved in pQ in the special 
case when is contained in a hyperplane. 


Lemma 3.2. Let 0 < d < p, and set 

(39) 


L = 


|S|2" 


where ojn is volume of the unit ball in Letp,q be in a connected component of Then 

C /rx 

there exists a piecewise geodesic path 7 : [0,1] —)• Sm satisfying 7(0) = p and 7(1) = q and with 
length bounded by L. Moreover, 7 can be built by joining J\f minimal geodesics of length d, with 

(40) Af <L, 

and one minimal geodesic of length less or equal than d. 

Proof. Let p, g be in a connected component of S^. We can join p and g by a path 7 : [0,1] —)■ 
such that 7(0) = p and 7(1) = q. Given a point zq G S, we denote by Dr{zo) the set of points 
on S with intrinsic distance from zq less than r, i.e. 

Dr{zo) = {z G S : dsiz, zq) < r} . 


When r < /?, (10) implies 

(41) \Dr{p)\>uJnr'^- 

Then we consider the increasing sequence {to, ti,..., tj} in [0,1] recursively defined as follows: 
to = 0, and 

(42) ti+i = inf ItG [0,1] : L> 5 / 2 ( 7 ('S)) n |J Ds/ 2 {l{tj)) = 0 , Vs G [t, 1] 

\ j=o 

if 

t G [0,1] : Ds/ 2 {i{s)) n IJ Ds/ 2 {l{tj)) = 0 Vs G [t, 1] is non-empty, 

j=0 

and tj+i = tj, otherwise. Therefore {to,ti,... ,ti} is an increasing sequence in [0,1] satisfying 

(43) T)s/2ij{ti))riDs/2{litj)) = 9 , for i ^ j, i,j = 0,... ,1, 
and 


Ds/2 mi))^su\ i = Q,...,i. 
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We complete the sequence by adding tj+i = 1 as last term. Since 

/ 

|U^<5/2(7(tO)|<|S|, 


i=0 


from (41) and (43) we obtain that 
(44) 


From (42), it is clear that 


on 

/ + 1 < ^| 5 |. 


2—1 


D3/2{l{ti))n 

for every i = 1,... ,1. Let 

a{i) = max{j > i : Ds/ 2 {l{ti)) n Ds/ 2 { 7 {tj)) + 0} • 

Then we set = a{a{i)), cr^{i) = a{a{a{i))) and so on, and fix r G N such that fT'^(O) = I. 
We define 71 as a minimal geodesic joining p and such that 

71 C Ds/ 2 {p) U Ds/2{7{ta{o))); 

for i = 2 ,..., r, we let 7* be a minimal geodesic joining 7(to-7o)) 7 (^(t*+i(o)) such that 

7i C L)5/2(7(ia7o))) UL>5/2(7 (Wi(o)))- 

Moreover, we let 7r+i be a minimal geodesic joining j{ti) and q and such that 

7i C Ds/2{7{tai(0))) U Ds/ 2 {q). 

Let 7 be the piecewise geodesic obtained by the union of 71 ,... ,7r+i- It is clear that each 7* 
has length equal to J for i = 1,..., r, and less or equal than <5 for f = r + 1. Since r < I, from 
(44) we obtain that 


length{'y) < (r + 1)(5 < 


Wr,(5’ 


■|5|, 


which implies (39) and (40), and the proof is complete. 


□ 


It will be useful to define the following two numbers: 
(45) £0 = min 

and 


Ip 6 

-sm — , , 

2’16L 2 pJ' 


(46) 


Wo = 1 + 


log(i-£o) 


1 


where L is given by (39) and [•] is the integer part function. We have the following lemma. 


Lemma 3.3. Let S G (0,p), £ G (0, £0), with £0 given by (45), and set 
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for i G N. Let p and q be any two points in a eonnected component of . Then there exist an 
integer N < Nq, with Nq given by and a sequence of points {pi,... ,pj\f} in such that 


(48) 


p,qe {JUr./iiPi)-,, 


i =0 


^ro {Pi ) C S-m, i — 0, . . . , N, 


(49) _ 

(50) pi+i E Ur^niPi), i = 0,...,N -1, 
where Ur^{pi) are defined as in ([^. 


Proof. Let 7 be a path as in Lemma 3^ and denote by s its arclength. Set po = p and define 
Pi = 7(i’i/4), for each i = 1,..., — 1, and pjy = q. Here, N is the largest integer such that 

N-l 


i =0 


Since e < eo; we have 


A^o-l 

Et>“. 

i =0 


and hence such N exists and we can assume that N < Nq, where Nq is defined by (46). Since 

A /9 i“i ' 

7 C Sm , the assertion of the theorem easily follows from (10). □ 

For a fixed direction £ E we denote by the orthogonal subspace to £, i.e. 

i^ = {zGR^+^ : z-u} = 0 }. 

Lemma 3.4. Let p £ S and u: Br Ci TpS —)> M 6e a map as in ([^, with r < p. Let £ E S” 
be such that 

(51) Up ■ i > 0 and \£ — Up\ < e, 

for some 0 < e < 1. There exists a function v : n fM such that the set 

(52) y = {p + y + v{y)£-. 
is contained inlAr{p). Moreover, the estimate 

(53) \\v\\oo < \\u\\oo + V2£r 
holds. 

Proof. Let q = p + x + u{x)up be a point in lLr{p), with 

(54) |a;| < r\/l — e^. 

By the implicit function theorem, if Ug ■ £ > 0, then S can be locally represented as a graph of 
function near q over the hyperplane £~^. Let A E SO(n + 1) be a special orthogonal matrix such 
that 

Aup = £, 

and let y £ £-^ he such that 

y = Ax. 

Since A £ SO(n + 1) we have |x| = |y| and then 

\y\ < r\/l — . 
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From triangle and Cauchy-Schwarz inequalities we have that 

l^q • £ ^ I'q • l^p \£ Up I 5 

Q and (51) yield that 


which implies that • £ > 0 on account of ( |54| ) . Therefore any point q ^ V can be written both 
as q = p + X + u{x)vp and as q = p + y + v{y)£ for some x G TpS and y G In particular 

y + v{y)£ = x + u{x)vp 

and, since y = Ax, we have 

(/ — A)x + u{x)i>p = v{y)£. 

By taking the scalar product with £, we readily obtain 

(55) |u(^)| < |/— A||rc| + |tt(x)|. 

The matrix A can be choosen such that 

\I - A\< 2^1 -i-i'p < V2£, 


and (55) implies the last part of the statement. 


□ 


It will be important to compare the normal vectors to two surfaces which are graphs of 
function over the same domain. We have the following Lemma. 

Lemma 3.5. Let ui,U 2 G C^{Br n and assume that 

|Vu2(a;o) - Vrti(xo)| < £, 

for some xq G H Let pi = xo + Ui{xo)en+i, i = 1,2. Then 


(56) 

where 


\^pi Vpjl < ^ E, 


V5 

2 ^ 

_ -Vu^(xo) + en+i 
\/l + |Vtti(xo)P ’ 

is the inward normal to the graph of Ui at pi, i = 1,2. 


Proof. Since the eigenvalues of the Hessian of the function x i—>■ + \x\‘^ are uniformly 

bounded by 1, then its gradient is Lipschitz continuous with constant 1 and we have that 


(57) 


Vui(x) 


Vu 2 {x) 


Vl + |V«i(x)|2 v^1 + |Vu2(x)|2 

Moreover, we have that 


< |Vtti(x) - Vu2(x)|. 


(58) 


Vl + |V«l(x)|2 y^l + \VU2{x)\^ 


< -||V«i(x)| - |Vu2(x) 


From triangle inequality and from (57) and (^58^ we readily obtain (56). 


□ 
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4. Proof of Theorem 11.11 

The proof of Theorem o relies upon a quantitative study of the method of moving planes 
and it consists of several steps, as we sketch in the following. 

Step 1. We fix a direction w, apply the method of moving planes, and find a critical position which 
dehnes a critical hyperplane vr^, as described in Subsection |2.2[ By using the smallness of 
osc{H), we can prove that (up to a connected component) the surface S and the reflected 
cap Sm are close. Hence, the union of the cap and the reflected cap provides a symmetric 
set in the direction w which gives information about the approximate symmetry of S 
in the direction uj. It is important to notice that the estimates do not depend on the 
chosen direction. 

Step 2. We apply Step 1 in n + 1 orthogonal directions and we obtain a point O as the inter¬ 
section of the corresponding n -|- 1 critical hyperplanes. Since the estimates in Step 1 
do not depend on the direction, the point O can be chosen as an approximate center of 
symmetry. Moreover, any critical hyperplane in any other direction is far from O less 
than some constant times osc{H). 

Step 3. Again by using the estimates in Step 1, we can define two balls centered at O such that 
estimate Q holds. 

We notice that once we have the approximate symmetry in one direction, i.e. Step 1, then 
the argument for proving Steps 2 and 3 is well-established (see [U Section 4]). In the following 
we will prove Step 1, which is our main result of this section and, for the sake of completeness, 
we give a sketch of the proof for Steps 2 and 3. 


4.1. Step 1 

cedure as described in Subsection 


Approximate sym met ry in one direction. We apply the moving plane pro- 

Let w G §”■ be a direction in and let Sm, Sm be 


2.2 


defined as in (29). Let 


Po be a tangency point between Sm and 


and denote by S and S the connected components of Sm and Sm, respectively, containing pQ or 
having po on their boundary. Let S* be the reflection of S about TTm- For a point p in 5 (or S*), 
we denote by Up the normal vector to S (or to S*) at p. We will use this notation when it does 
not create ambiguity: the choice of the vector normal and of the surface is implied by the point 
itself. When p G S' H S'* is a point of tangency between S and S*, then the normal vector at p 
is the same for both the surfaces, and the notation is coherent. When this notation creates an 
ambiguity, i.e. for nontangency points in Sn S*, we will specify the dependency on the surface. 
For points on (or dS) we will denote by u the Gauss map on dT, (or dS) which is induced 
by the one on S* (or S). 

The main goal of Step 1 is to prove the following result of approximate symmetry in one 
direction. 


Theorem 4.1. There exists a positive constant e such that if 

osc{H) < e, 

then for any p £ T, there exists p £ T, such that 

(59) \p — p\ + \np — npl < C osc{H). 

Here, the constants e and C depend only on n, p, |S| and do not depend on the direction u. 

Before giving the proof of Theorem |4.1[ we provide two preliminary results about the geometry 
of S. For t > 0 we set 

S* = {p G S ; ds(p,9S) > t}. 
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The following two lemmas show some conditions implying that S* is connected for t small 
enough. 

Lemma 4.2. Assume that there exists < 5 such that 


(60) 


w < /i 


for every p on the boundary of T,. Then Tf is connected for any 0 < t < to, where 

to = - 2p^. 

2^/n 

Proof. Let S* be the reflection of S about -Km- We notice that, by construction of the method 
of moving planes, S and Tim enclose a bounded simply connected domain of Moreover, 

Up • cu > 0 on and equation (60) implies that TTm intersects S'* transversally. Hence, the 
boundary of S is a manifold of class We prove that the boundary of S* lies in a tubular 
neighbourhood of the boundary of S in S*. Then, since S is connected, every two points in Tf 
can be joined by a curve in S which can be pushed into Tf by using the normal vector field to 
the boundary S. 

According to Section 2.3 we denote the boundary of S by S' and we orient S' by the Gauss 
map satisfying 

Up • Up = 1 - (Up 

(see formula (32)). Hence, from (60), we have that 


■UJ) 


/ ^ 1 2 

u > 1 - /r . 


from Proposition 2.7 the principal 


Since the principal curvatures of S are bounded by p ^ 
curvatures k' of S' satisfy 

(61) \k[\ < ^ , i = l,...,n-l. 

p(l - 

From Lemma|3.4| we can write S* as a graph of function u : —)• M, with r = p-^1 — 2p?. 

yield that S' is locally the graph of u restricted to Br H TpS'. 


2.1 


Moreover, (|6ip and Lemma 

Taking into account that (Up)-*- = TpS' © (w), we consider the subset of S* given by 
Q{p) = {q=p + C + suj + u{C + sw)Up : ^ E PI TpS', |s| < to}, 
which contains a tubular neighborhood of S' n Bt^^p) of radius at least to- Hence, the set 

Q = U 

pes' 

contains a tubular neighborhood of S' in S* of radius at least to and we conclude. 


□ 


Lemma 4.3. Let 0 < 6 < p{8y/n) If we suppose that there exists a connected component T*^ 
of S^ satisfying 

0 < Up • a; < -, 

O 

then, S”^ is connected. 

Proof. In order to simplify the notation we let po = 1/8- Notice that the interior and exterior 
touching balls at every boundary points of T*^ intersects tt^. By using this argument and after 
elementary but tedious calculations, we can prove that any g E S \ T"^ is such that 

dj:{q,T^) < parcsin ^(1 + 2po)^^ • 
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In particular, for any q G there exists p G such that 


< parcsin |^(1 + 2Ato)-J , 

and from Lemma O we obtain that 

Wp — i^q\ < \/2arcsin ^(1 + 2^o)“^ • 

By writing Uq ■ uj = Vp ■ u — {uq — Up) ■ uj and by triangle inequality we get 

\vq ■ u]\< pq + \/2arcsin ^(1 + 2 po)^ ; 
our assumptions on 5 implies the following (rougher but simpler) bound: 

luq ■ u:\ < 2po + 


Now we use Lemma 4.2 by setting p = 2|Uo + 1/2 and imposing that <5 < to, and we conclude. 

□ 


Now, we focus on the proof of Theorem 4.1 It will be divided in four cases, which we study 
in the following subsections. In each case, 6 will be fixed to be 

A ■ , P P 
0 = mm 


.26’ 8^^; ■ 

Moreover, the constants e and C can be chosen as 


and 


e = min{eo,ei,e2,e3}, 


C = -CiiLiiLsiLs, 


respectively. Here, Sq is given by (45), and ei,e2,e3 and Ci will be defined in the following. 


Moreover, Ki, K 2 , are given by Lemmas |2.3[ [2i4l 2.6, respectively, where M is chosen ac¬ 


cordingly to Lemma 2.1 by assuming that |x| < p/2. Hence, the constants e and C depend only 
on n and upper bounds on p~^ and IS*/ 

4.1.1. Case 1. ds{po,dT,) > 5 and d-z{p,dT,) > <5. In this hrst case we assume that po and p 
are interior points of S, which are far from dT, more than 5. We remark that in this case, po 
is an interior touching point between S and S, so that case (i) in the method of moving planes 
occ urs. We first assume that po and p are in the same connected component of then. Lemma 
4.3I will be used in order to show that is in fact connected. 

Let 

5 

ro = psm—. 

2p 

Since p and po are in a connected component of there exist: {pi,... ,pn} in the connected 
component of containing po, a chain {Urq{pi )}of open sets of S and a sequence of 


maps Ui 


BrqCTp^T. 


i = 0,..., At, as in Lemma 3.3 where rj = (1 — e)*ro. We notice 


that S and S are tangent at po and that in particular the two normal vecto rs to S and S at 
Po coincide. We stress that S C S and that, since ro < p, from Lemma 
locally represented near po as a graph of a map uq : H Tp^S —>■ M. 


2.1 


we have that S is 
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Lemma 2.1 implies that |Vmo|) |Vmo| < M in Br^ H Tp^T,, where M is some constant which 
depends only on tq, i.e. only on p. Now, we use Lemma 2.3 since uo{0) = rto(O) and uq > uq, 
gives 

Iko - ^io||ci(B.(,/4nrpoS) < Ki osc(iL), 


(62) 


where Ki depends only on n and M. We notice that from (50) we have that pi G Uro/i{Po)- 
Let xi be the projection of pi onto Tp(,S and let 

Pi := P0 + XI+ uo{xi)i^pQ G S . 


From (62) we obtain that 

|Vuo(xi) - Vuo(xi)| < Ki osc(iL), 
and therefore Lemma 3.5 yields 


(63) 


\/5 

Vpi — < —Ki osc{H). 


As already mentioned, we have a local parametrization of S in a neighborhood of pi as a 
graph of the function ui: Br^ n TpiS —7- M. Lemma 3.4 and (ro^ imply that S can be locally 

parameterized by a graph of function ui: B^ n TpiS —7- M, being ri < since 

£ < El with 


(64) 


ei - ( 1 + -ATf 


-1 


Moreover, (53) yields that 

|ui(0) - til(0)1 < ||ao - iio||cO(B,Q/4nTpoS) + VSroiLi osc(iL); 
from (62) and since ui — tii > 0 by construction, we find that 

0 < ai(0) — Mi(0) < (1 + rQy/b)Ki osc{H). 

We use Lemma 12.31 and obtain that 

(65) ||wi - ^ii||ci(B.i/ 4 nrj,iS) < ^i[(l + roV5)Ki + 1] osc(iL). 

Now, (65) is the analogue of (|62|) with pi instead of po, and we can iterate until we obtain two 


functions 

U]y, Un • ^rjv TpS —>■ M, 

such that 

(66) llnjv - 'W7v||ci(B.^/4nTpE) < Ci osc(iL). 

A choice of p as in the statement of Theorem |4.1| is then given by 

p = P + un{0)i^p, 


since (|59[) is implied by (66) and Lemma 3.5 


We notice that a choice of the constant Ci in 

(67) Cl = ((1 + ro\/5)iLi + l) 


is given by 
No+l 


where Nq is given by (46). Hence the constant Ci depends only on n, 6 /p, and an upper bound 
on l^l. 
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Once we have (66) for any p in a connected component of S", we have in fact that 

1 

for any point q at the boundary of such a connected component, as it is implied by the following 
Lemma. 

Lemma 4.4. Let q € be such that dj:{q,dT,) < 5. Assume that the point 

q = q-avq 

is on S and is such that 

( 68 ) Wq-Vql^a, 

with a + 26 < p. Then we have that 


. 6 ^ 


a 


Q <Vq- UJ < \I8— + —. 


(69) 

Proof. Let g”* be the reflection of q about vrm and let 

t = Vq ■ iO. 

By construction of the method of moving planes, it is clear that t > 0 and the first inequality 
in (69) follows. We denote by Uqm the inner normal vector to S at Since Vq- uj = —Vqm ■ u 
and Vq — Vqm = 2 toj, we have that 

(70) Vq-nqm=l- 2t^. 

We notice that g™ and g both lie in S and Ig™' — g| < a + 26, which implies that g G Up{q'^) 
provided that a + 26 < p. Hence, ([^ yields that 


Uq ■ Vqm > \ I - 


a + 26 
P 


From (68) and (70) we find that 


1-2+ >\l- 


a + 26 


— a. 


which gives 


+ < - 
- 2 


1 /a + 2(5\ 2 a 


+ 2 ’ 


and we obtain the second inequality in (69). 


□ 


The conclusion of Case 1 follows from the following argument. From (66) we know that for 
any g on the boundary of the connected component of containing po there exists g G S such 
that 

\Q - Q\ + Wq - < Cl OSc{H). 

We apply Lemma 4.4 by letting a = Ci osc{H) and, since e < S 2 , with 

1 

£2 < 


26 Ci’ 


we obtain that 0 < Ug • cj < 1/8. Hence, from Lemma 4.3 we have that is connected and we 
conclude. 

















A QUANTITATIVE ALEXANDROV’S THEOREM 


25 


4.1.2. Case 2: d-£{po,dT,) > 5 and d-£{p,dT,) < 6 . Here the idea consists in extending the 
estimate in Subsection |4.1.1| to the whole S. This will be done by using Carleson type esti¬ 
mates given by Lemma |2.4[ We remark that its application is not trivial, since we need more 
information on how S intersects tt^- 


Accordingly to (29) in Subsection 2.2 for a given point p ^ T, such that dj:{p,dT,) < 6 , we 
denote by p™ the point of S obtained by reflecting p about iTm- S can be locally written as a 
graph of function u: Bp C TpS —)• M. For 0 < r < p, we define U*{p) as the reflection of Ur{p^) 
about TTm and we denote by Ur{p) the subset of S obtained by 

Ur{p) = U;{p)r\{q^MC+^ : q-oj<m}. 

Moreover, we denote by Er the open subset of Br n TpS such that 
(71) Ur{p) = {p + X + u{x)Vp ■. X ^ Er] ■ 


The next result is a consequence of Propositions |2. 7 2.8 in Subsection 2.3 


Lemma 4.5. Let q G S be such that d^{q,dE) = 6 andO < Vq-uj < 1/4. LetU' = 

and U" be the orthogonal projection of U' onto T^S. Then U" is a hypersurface of class of 
TqTi whose principal curvatures are bounded by 


Proof. We notice that since dY:{q,d'E) = 6 then U' / 0. Le t C £ U' be arbitrary. Since the 
projection pr(C) of ( on T^S is in from ([^ in Lemma 


2.1 


we know that 


(72) 




Since ■ uj = Uq ■ ui + (u^ — Uq) ■ uj, we have that 


(73) 


< 2’ 


which implies that iTm intersects transversally, and so U” is a hypersurface of T^S. 

Since the principal curvatures of S are bounded by 1/p, (35) implies that the principal curvatures 
of U" satisfy 

1 


l<(pr(C))l < 




i = 1,..., n — 1, 


p|u^-u'| [(w • i/q)2(z/g • r/^)2]3/2 

where u' is the Gauss map of U' viewed as a hypersurface of satisfying 

(74) = 1 — (u^ • w)^ . 

Hence, 

(75) l<(pr(C))l < 


UJ ■ 


pWc 


UA Wn 


/|3 


i = 1,..., n — 1. 


From (73) and (74), we obtain that 
(76) 


By writing 


uc • > - . 

Uq-E^ = {Uq - Vif) 
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and using (72) and (76) we get 


/ ^ 


and from (75) and (76) we conclude. 


□ 


In the next lemma we give a bound which will be useful in the sequel. 


Lemma 4.6. Let q and a be as in Lemma 4-4■ Then, we have that 
(77) 


/ (5^ a \/2 

0 < • w < + - H- d^{q, C), 

y 2 p 


for any C £ Up{q), where Up{q) is defined as in ( 0 . 

Proof. Let C G Lfp{q). By construction we have that • a; > 0. Since 


■ OJ < Vq ■ OJ + \ l'(^ — 




from (j^ and (69) we conclude. 


□ 


Now we are ready to prove Theorem 4.1 for Case 2. Let 

<5 

£3 = 


pCi 


where Ci is given by (67). We assume that ds(pO) dTL) > 6 and dj:{p, clS) < 6. By arguing as in 
Case 1, we have that S" is connected. Let q € T, and p G dT, be such that 

dT.{p,q) +ds(p,5S) = 5, 

and 

dY:{p,P) = (is(p,5S) 

(we notice that our choice of 6 implies that q and p exist). 

Since d-£{q,d'E) = 5, from Case 1 we have that there exists g G S such that 

(78) \q - q\ + \iyq - Uq\ < Cl osc{H) 

(see formula ( 66 )). From the proof of Case 1, it is clear that q can be chosen as 

q = q- auq, 

for some 0 < a < Ci osc{H). Let 

(79) 


P 

r = —. 


3.4 


M as in 0 ) with q in 
we have that S can be 


We define the sets Uriq) C T,, Er C Br Cl TqT,, and the map u : Er 
place of p. Since g G S C 5 and {ug — ufi < Ci osc{H), from Lemma 
locally written (around g) as a graph of function u over n B ™ particular over 

TqT, n Br (which is justih ed b y our choice of £ 3 ). 

implies that p,p € Uriq)- Let dEr be the boundary of Er in TqT, 


We notice that Lemma 


2.2 


and let x G dEr be the projection of p. Since djiiq,p) = 6, from Lemma 2.2 we have that 

(80) psin - < |x| < 6. 

P 


Let U' = Ufiq) n TTm and let U" be the projection of U' onto TqT (as in Lemma 4.5). Notice 
that by definition U" is contained in dEr and, in particular, u = u on U". From Lemma 4.4 


and Lemma 4.5 we have that the principal curvatures of U" are uniformly bounded by 1C. We 
notice that our choice of 6 implies that K, < 
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Figure 2. Case 2 
B^{x) n -Er¬ 


in the proof of Theorem 4.1 


The shadow region is the set 


Let X be the projection of p over TqT,. From (80) we have that B^six) n dE,. C U" and we 
can apply Lemma 2.4 and obtain that 


(81) 


sup {u — u) < K 2 {{u — u){y) + osc(-fl)) 
Bs{x)r\Er 


2.2 


we 


with y = X + where is the interior normal to U" at x (see Figure]^. We notice that 

X G Bs{x) n Ej. and then from (81) we have that 

(82) (u - u){x) < K 2 {{u - u){y) + osc{H)). 

Since 26 < JC~^, the point y has distance 26 from the boundary of E^ and, from Lemma 
have that the point 

q = q + y + u{y)uq 

is such that 

d^{q,dE) > 26. 

Hence, from Case 1 (applied to po and q) we obtain the estimate 

{u - u){y) < Cl osc{H), 


and from (82) we get 


(u — u){x) < C 1 K 2 osc(-fr). 


By letting p = q + x + u{x)i'q, and since d-£{p, dT,) > 0, a standard application of Lemma 2.3 
and Lemma |3.5| yield the estimate 

\/5 

\p-p\ + |up - up\ < -—CiKiK2 0sc{H), 


and we complete the proof of Case 2. 


4.1.3. Case 3: 0 < dY,{po,d'E) < 6. Since po is the tangency point, it is easy to show that the 
center of the interior touching sphere of radius p to S' at po lies in the half-space {q G : 

q ■ uj < m} (see for instance [201 Lemma 2.1]). From this, and being 

\po-uj-m\< dji{po, dT,) < 6, 
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Figure 3. Case 3 in the proof of Theorem 4.1 


from Lemma 4.4 (with a = 0) we have that 


Up^-uj < 3-. 


p' 


As for Case 2 (with q replaced bypo)) we locally write S and S as graphs of function u, n: ^ 

, respectively, where Er C TppS is defined as in the introduction to this subsection, and r is 


given by (79). Moreover, we denote by U" the portion of dEr which is obtained by projecting 


Ur{po) n TTm onto TpgS. We remark that u = u on U" and that the principal curvatures of U" 
are bounded by JC. 

Let X G U” be a point such that 


X = mm \x\ 

X&J" 


Notice that \x\ < ds(po,<9S) < 5. Let be the interior normal to U” at x, and set 

y = X + 

(see Figure]^. We notice that the principal curvatures of U” are bounded by fC and 26 < K,~^ and 
the ball 7?25(y) CTp^S is contained in Er and tangent to U” at x, with = —x/|x|. Hence, the 
origin O of Tp^S (i.e. the projection of po over Tp^T,) lies in the annulus {B 2 s{y) \ Bsiy)) H Tp^S. 
Hence, we can apply (27) in Lemma 2.6 (there we set: xq = x, c = y and r = 26) and, since 
u(0 ) = m(0 ), we find that 


(83) 

Let 


1^^ - *lbi(s,/ 2 (y)nrp„s) < K 3 osc{H). 


q = Po + y + u{y)iypo, and q = po + y + Hy)i^i 


po- 


We notice that from (83) and Lemma 3.5 we have that 


\/5 

\q-q\ + Wq - l'q\ < —KsOSciH). 

Since y has distance 26 from dEr, then dj:{q,dT,) > 26, and we can apply Cases 1 and 2 to 
conclude. 
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4.1.4. Case 4: po £ (9S. This case is the limiting case of Case 3 for ds{po,dT,) —)■ 0. Indeed, 
in this case we can write S and S as graphs of functions over a half-ball on Tp^S. Hence the 
argument used in Case 3 can be adapted easily by using (28) instead of (27). 

4.2. Steps 2-3. Approximate radial symmetry and conclusion. We consider n -|- 1 or¬ 
thogonal directions ei,, Cn+i, and we denote by vri,..., tt^+i the corresponding critical hy¬ 
perplanes. Let 

n+1 

o=n 

i=l 

and denote by TZ{p) the reflection of p in O. We have the following Lemma which extends 
Theorem l4Tl 

Lemma 4.7. For any point p £ S there exists a point q £ S sueh that 

l’^(p) — + ^)Cosc{H). 

Proof. We write TZ as 

TZ = FZn+i o • • • o 77i, 


where TZi is the reflection about 71*, i = 1,...,A -|-1. By iterating Theorem 4.1 n -|- 1 times, we 
conclude. □ 

As in [U Proposition 6] we have that, for every direction w, it holds that 

(84) dist(C>,7rm) < Cosc{H), 

where vr^ is the critical hyperplane in the direction u and C is a constant that depends only on 
p and diam5, where 

diam S = max \p — q\. 
p,q£S 

We notice that diam5 can be bounded in terms of IS"! and p~^. Indeed, let p,q £ S he such that 
\p — q\ = diam 5. By arguing as in the proof of Lemma jg we can find a piecewise geodesic 
path on S joining p and q, and with length bounded by (39) (with 6 = pf 2 there), and then 


diam S' < 


|5|2 


2n 




Hence, the constant C in (84) can be bounded in terms of the dimension n and upper bounds 
on p~^ and [S'!. 

Finally, the bound on the difference of the radii ®) of the approximating balls is obtained by 
arguing as in [H Proposition 7]. Indeed, we dehne 

Tj = min \p — 0\, and r^ = max \p — 0\, 
p£S p£S 

assume that the minimum and maximum are attained at pi and pe, respectively, we obtain that 

I’e — Tj < 2 dist(C>, tt), 

where tt is the critical hyperplane in the direction 

Pe - Pi 
\Pe-Pi\' 


From (84) we conclude. 
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5. Proof of Corollary II .21 

Lemma 5.1. Let S be a closed hypersurface embedded in and assume 

S CBr,\Bri, 

with re — ri < 2p. Then 


p 1 

— • i/p < -1 + -{re - ri) 
\p\ ^ p 


for every p G S. 


Proof. Let p G S and let c and c"*" be the centers of the interior and the exterior touching 
balls of radius p tangent at p, respectively. Then 

= inf |g| > Tj, 
geRp(c+) 


c 

c + ^—iP 

= sup \q\ < re , 

+ c+ 

^ “ wi+\P 

\c \ 

q£Bp{c-) 

\C^\ 


and so 

Therefore 

Taking into account that 
we get 
and so 

Since 
and 

we have that 


C + ^-r/9 

C 




^2 2 
<re-ri . 


c P + 2/9 |c \ — \c^\‘^+ 2 p\c^\ ^rl — rf . 
=p- pUp, c~ =p + pvp, 

App ■ Up + 2 p{\c~\ + |c+|) <rl- rf, 

{re - Ti) . 




+ 


2|p| Ap\p\ 

|c“| + |c“''| > |c“ + c’*"! =2\p\, 

re = ri + {re - ri) < \p\ + {re - ri), 


A . < -1 + < -1 + 

\P\ 2/9 V P 


as required. 


□ 


Now we are ready to prove Corollary 1.2 


Proof. Step 1: S is diffeomorphic to a sphere. In view of Theorem [13 there exists e and C 
such that if osc{H) < e, then Q and Q hold. We may assume the concentric balls Br^ and 
Br^ centred in the origin. Let 


(85) 


e = mm 


0 ' 4 } 


Hence the assumptions in Lemma 5.1 are satisfied. We consider the map ip: S ^ dB^ , defined 
by 


p{p) = ri 


P 


\P\ ' 
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We show that (p a diffeomorphism. It is clear that p is smooth. Since is contained in the 
bounded domain enclosed by S, then p is surjective. Indeed, if C £ then 

fdist5(C) < 0, 

|dist5((re - ri)C) > 0, 

and, by continuity, there exists a t > 0 such that dist 5 ((l + t)C) = 0, i.e. C £ fiS). Hence, 
assumption Q plays a role only for proving the injectivity of p. Let p,q ^ S and assume by 
contradiction that p{p) = p{q). Then we may assume that \p\ < |g|. Let = p — pvp be the 
center of the exterior touching ball to S at p. Since p/\p\ = q/\q\, we have 

2 


\q - c+l^ = 


(kl - |p|)p + 


= (kl - \p\f + p‘^ + 2p(kl - IpI)^ • Up. 


From Lemma |5.1| and since |g| — |p| < — ri, we have that 

Te-ri \ 2 


\q - c+P < (re - rif + + 2 p{re - n) ^-1 + - (^e - Vi) {2p - 3(re - r*)). 

The choice of £, as in (85) implies that \q — c^\ < p which gives a contradiction. 

Step 2: proof of (Q. We denote by F: dB^ —)• S the inverse of the map p: S ^ dBn 
considered in the hrst step. We can write F{Q = C + ^(C)^ every f in dBr^ and from Step 
1 and Theorem ll.ll it follows that ||'I'||c 70 (gBr..) ^ Cosc(H). In order to prove a quantitative 
bound on the C^-norm of the derivatives of 'h, we work in the same fashion as in the proof of 
Lemma 13.41 

Let C be a hxed point on 55^. and set p = F{f) (i.e. f = rip/\p\). Let r<^ and Tp be the 
tangent spaces to dBr^ at C, and to S at p, respectively. We can locally write S around p as 

q = p + x + u{x)vp , 

where x belongs to a small neighborhood of the origin O and u is a map satisfying u{0) = 0 
and Vu{0) = 0. Without loss of generality, we can assume that C, = rje^+i so that 

r<^ = {x G : Xn+i = 0} , 

and we locally write as = C + + p{x)v(^, where p{x) = . 

As in the proof of Lemma 3.4, we can chose an orthogonal matrix A G SO(n + 1) satisfying 
A(C) = —TiVp (we recall that = —C/f), and we can locally write 

( 86 ) p + Ax + u{Ax)vp = p + X + v{x)vq ; 
furthermore, A is such that 

(87) \A-I\< 2^1 - • Up . 

We hrstly prove that 

(88) dx^'if{0) =-—dx^v{0), fe = l,...,n. 

Indeed, by setting ?/) = T o r/, we have 

P + X + v{x)i'c, = p{x) - lf{x)Vp^^) , 

which implies 

p ■ + x ■ + v{x)vc_ ■ - p{x) ■ = -V’(x), 
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i.e. 


—p ■ rj(x) - X ■ rjix) H- vix)vc ■ vi^) ~ = 'tp(x ), 

ri ri n 


where we have used that I'rjix) = From r]{0) = ( and v{0) = 0 we obtain (88). 

Now, we give a bound on the derivatives of u at O and in terms of the difference — r^. We 
notice that (86) implies 

v{x) = {A — I)x ■ + u{Ax)vp ■ uq , 

and, since |Vu(0)| = 0, we obtain that 

\da:^v{0)\<\A-1\, /c = l,...,n. 


From (87) and Lemma 5.1 we obtain that 

\dxMO)\<2 


Te. - Vi 


fc = 1,..., re , 


and from ([^ and (88) we find (|^ and we conclude. 


□ 


Remark 5.2. As emphasized in the Introduction, if we assume that p is not bounded from 
below, it is possible to construct a family of closed surfaces embedded in M^, not diffeomorphic 
to a sphere, with osc{H) arbitrarly small and such that ([^ fails. For instance one can consider 
the following example, suggested us by A. Ros, done by gluing almost pieces of unduloids. 
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